
Basic Theory o f Groups

(section 2 . 1 )

Recall: a g r o u p
i s a s e t 6 endowed

w i t h a b i na r y operat ion
"

.

"

t h a t i s a s s o c i a t i v e a n d s u c h

t h a t a n i d e n t i t y a n d i n v e r s e

e l e m e n t s e x i s t .



Proposition'. (uniqueness o f identity)
-

T h e i d e n t i t y e l e m e n t i n

a n y g r o u p i s u n i q u e .

proof: suppose G i s a group
under"."

a n d suppose F e , f E G s u c h

t h a t

e . x = x . e = f . x - c x . f i X

Y X E G .

T h e n i n e . x = x - e = × ,

s e t x = f ' .

e.fcf.ee#



I n f . x I X . f = × ,

s e t x = e .

f ¥ ¥
T h e r e f o r e , f = e .

D



Proposition : (uniqueness o f inverse)

The i n v e r s e o f a n y e l e m e n t

i n a g roup i s u n i q u e .

proof! Le t 6 be a g r o u p u n d e r " . ' ' .

Le t X E G a n d suppose F

Y , 2- E G w i t h

x . y - - y -X - e

X . z = z - x = e

w h e r e e i s t h e (unique!)

ident i ty o f G .



T h e n w e h a v e

y = y - e - g . (x . z )

= (y-x)-Z (associativity)

= e - Z

= z

s o y = Z .

D



Notation: I f G i s a g r o u p u n d e r

"
.

' ' a n d X E G , deno te

b y X-'the Coniave!) i n ve r s e

o f X .

T h e ident i ty o f

G w i l l b e denoted by e

o r e , i f t h e r e i s a c h a n c e

o f confusion,



( 0 µ g : (inverse o f t h e inverse) I f

G i s a g ro u p
under".' '

a n d × E G , §')-'s X .

proof: s i n c e x . (x-1) = §')-x-e,

b y uniqueness o f the inverse,

(x")-'= x .

D
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Curo-llary'. (cancellation) L e t 6 be

a group under
" .' '.

T h e n i f x , y , 2- E G ,

X . y = x z ⇒ y i z

and

g . x
- E x ⇒ y = Z .

proof'. Suppose

X . y = X - Z .

T h e n

x . 'C-x. g ) = x"- ( x . z )

and u s i n g associativity,

( x i x ) .y= x"-(x. y ) : I : ( x . z)=fi!x)-z



a n d s o

e - y
= e - Z a n d

y = z ,

s im i l a r l y, i f

y x = 2- x , y = z

b y mu l t i p l y i ng o n t h e

r i g h t b y x-t.

D



Recall: i f G a n d H a r e groups w i th

operations b o t h abusively denoted

b y
"

. " , a n i s omo rph i sm

o f groups i s a bijection

Q : G → I t s u c h t h a t

f x , y E G ,

Q ( x . g ) = @( x ) . plus)



Proposition :(isomorphism properties)

L e t a . G-→ I t b e

a n isomorphism.
T h e n

ce leb) = e a t and

H F
6 µ m '

proof'. L e t y e H . T h e n since Cl

i s a bijection, F X E G ,

a x ) = y .



T h e n

Cheong - h e a t - a x )

= @Ceo.x)

= U h

= y .

S im i l a r l y,

g . celeb)- y ,
s o

b y uniqueness o f iden t i t y i n I t ,

celeb)--eat-



s i n c e w e k n o w @ (eco) = eat,

t a k i n g X E G ,

e y
= celeb) = @Cx.x"):@lxs.ca')

s i m i l a r l y ,

e # = @ ( x - ' t e h ) , s o

by uniqueness o f i n v e r s e s i n I t ,

045's 415 ' ) .
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